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Abstract
The Green-Schwarz superstring action in a general type IIA or IIB supergravity background is
derived up to fourth order in the Grassmann-odd coordinates θ. This is done by solving the
superspace Bianchi identities order by order in θ, to quadratic order for all superfields and to
quartic order for the supervielbeins. For a large class of backgrounds it is possible to fix the
kappa symmetry in such a way that the action actually terminates at the quartic order in θ.
1 Introduction
In many examples of the AdS/CFT-correspondence [1] string theory on an AdS-background
with RR-flux is conjectured to be dual to a conformal field theory living on the boundary of
AdS. Particularly interesting examples, because of their integrable structure, include:
• Type IIB string theory on AdS5 × S
5 with RR five-form flux [2].
• Type IIA string theory on AdS4 ×CP
3 with RR two- and four-form flux [3, 4, 5].
• Type IIB string theory on AdS3×S
3×T 4 or AdS3×S
3×S3×S1 with RR (and/or NSNS
[6]) three-form flux [7].
• Type IIA string theory on AdS2 × S
2 × T 6 with RR four-form flux [8].
The last two have both type IIA and type IIB realizations due to T-duality. For the last case
there is also a version with both two- and four-form flux also related by T-duality.
An important tool in studying the AdS/CFT-correspondence is the study of semiclassical strings
in the relevant background. Since the NSR-formulation of the string is not suited for describing
strings in RR backgrounds one typically relies on the Green-Schwarz formulation, which is per-
fectly suited for describing strings in any supergravity background, at least at the semiclassical
level. The backgrounds listed above preserve 32, 24, 16 and 8 supersymmetries respectively and
therefore they have a supercoset realization with the same number of fermionic coordinates. For
all but the last example this means that the Green-Schwarz superstring, which has 16 physical
fermions, can be described by a supercoset sigma model. However, this supercoset sigma model
is in general a (partially) kappa symmetry gauge-fixed version of the full Green-Schwarz string
which has 32 fermions. Due to subtleties with gauge-fixing of kappa symmetry it turns out that
this gauge-fixing is not always compatible with the string configuration one is studying leading
to potential problems with the supercoset formulation in certain cases. Because of this it is
sometimes desirable to work with the full Green-Schwarz superstring.1 Unfortunately the full
Green-Schwarz supersting action is only known in a few special backgrounds such as AdS5×S
5
[11], where it is the same as the supercoset sigma model, AdS4×CP
3 [5], where it was found by
dimensional reduction from eleven dimensions, a certain 7-brane background [12] and plane-wave
backgrounds. However, the action is known to quadratic order in fermions in a general type II
supergravity background [13], something which has proved to be quite useful for semiclassical
computations.
In this paper we will construct the type II Green-Schwarz superstring action in a general super-
gravity background (with vanishing gravitino and dilatino) to fourth order in the fermions. We
hope that this result will be useful in the study of semiclassical strings in the AdS/CFT-context.
To write the Green-Schwarz action to a given order in θ one must know the supergeometry, specif-
ically the supervielbeins, to the same order. The supergeometry can be found in a systematic
way order by order in θ from the superspace constraints and Bianchi identities. We carry out
this construction up to order θ4 for the supervielbeins.2 It could in principle be pushed to higher
orders but the complexity of the expressions increases quite rapidly. In fact, for a large class of
1The classical integrability has been extended to the full Green-Schwarz action up to quadratic order in fermions
[9, 10] (and in the AdS4-case to all orders for a truncated model).
2An alternative approach would have been to obtain the result by dimensional reduction from eleven dimensions
where the supergeometry is known up to order θ5 [14].
1
backgrounds including the ones mentioned above, the fourth order action is enough in the sense
that one can find a certain light-cone kappa symmetry gauge fixing such that the action termi-
nates at the quartic order in fermions. This was suggested in [15] where the kappa symmetry
fixed type IIB superstring action was also constructed for these backgrounds. Here we are able
to write a more compact and geometrical expression for the action which is not gauge-fixed and
covers all possible backgrounds.
The outline of the paper is as follows. In section 2 we give our results for the superstring action
in a general type II supergravity background up to quartic order in θ. We also review the
argument for why one can find a kappa-gauge such that the action terminates at this order for
a large class of interesting backgrounds. The rest of the paper is devoted to the derivation of
these results. In section 3 we outline the systematic process for solving the superspace Bianchi
identities order by order in θ. All superfields of the type II background are computed to order
θ2, while the supervielbeins (and B field) are computed to order θ4. Section 4 contains our
conclusions.
Appendix A gives our spinor and gamma matrix conventions and in appendix B we describe
the constraints and Bianchi identities of type IIB supergravity in superspace. For the type IIA
case the superspace constraints are listed in appendix C. The constraints are written in a form
which makes it trivial to go between the IIA and the IIB case.
2 The type II superstring action to order θ4
The Green-Schwarz superstring action takes the following form in a general type II supergravity
background [16]
S = −T
∫
Σ
(1
2
∗ EaEbηab −B
)
, (2.1)
where Ea (a = 0, . . . , 9) are the vector supervielbeins of the background pulled back to the
worldsheet and B is the NSNS two-form potential also pulled back to the woldsheet. We are
using 2d form notation and the Hodge-dual ’∗’ is defined using an auxiliary worldsheet metric.3
We will assume only that the background is a supergravity solution with vanishing fermionic
(gravitino, dilatino) fields. The supervielbeins and B field are superfields and therefore depend
both on the ten bosonic coordinates and also on the 32 fermionic coordinates of the type II
superspace. The action therefore has an expansion in even powers of the fermions Θ up to
32nd order which follows from the expansion of these superfields. In this section we give the
expansion up to fourth order in Θ. The rest of the paper is devoted to deriving the expansion
of the superfields to this order. We will write the expressions for the IIA case and at the end
of the section we explain how to obtain the IIB expressions by simple substitutions in the IIA
expressions.
The zeroth order Lagrangian is obtained by simply setting the fermions to zero in (2.1),
L(0) =
1
2
∗ eaebηab −B
(0) , (2.2)
where we denote the purely bosonic vielbeins by ea and B(0) is the lowest component in the
θ-expansion of B.
3It is of course also possible to use the Nambu-Goto form of the action, obtained by integrating out the auxiliary
worldsheet metric, but then the statement about the action truncating at order θ4 for certain backgrounds does
not apply.
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The terms quadratic in fermions take the following form
L(2) =
i
2
∗ eaΘΓaDΘ−
i
2
eaΘΓaΓ11DΘ , (2.3)
where
DΘ =
(
d−
1
4
ωabΓab +
1
8
eaHabc Γ
bcΓ11 +
1
8
ea SΓa
)
Θ , (2.4)
ωab is the spin connection, H = dB is the NSNS three-form field strength and
S = eφ
(1
2
F
(2)
ab Γ
abΓ11 +
1
4!
F
(4)
abcdΓ
abcd
)
. (2.5)
The derivative operator D is the Killing spinor operator as we will discuss below. The matrix
S encodes the dependence on the dilaton φ and RR-fields (recall that we are describing the IIA
case here with RR two- and four-form fields, the IIB case will be discussed below). Here Θ is a
32-component Majorana spinor, see Appendix A for our spinor and gamma-matrix conventions.
The quadratic action was first derived in [17, 13] starting from the supermembrane action in
eleven dimensions.
The main result of this paper is the quartic superstring Lagrangian which takes the form
L(4) =
−
1
8
ΘΓa ∗ DΘΘΓaDΘ+
1
8
ΘΓaDΘΘΓaΓ11DΘ+
i
24
∗ eaΘΓaMDΘ−
i
24
eaΘΓaΓ11MDΘ
+
i
3 · 64
∗ eaebΘΓa(M + M˜ )SΓbΘ−
i
3 · 64
eaebΘΓaΓ11(M + M˜)SΓbΘ
+
1
3 · 64
[∗ecedΘΓc
abΘ− ecedΘΓc
abΓ11Θ] (3ΘΓdUabΘ− 2ΘΓaUbdΘ)
−
1
3 · 64
[∗ecedΘΓc
abΓ11Θ− e
cedΘΓc
abΘ] (3ΘΓdΓ11UabΘ+ 2ΘΓaΓ11UbdΘ) . (2.6)
To shorten the expression we have defined two matrices which are quadratic in fermions
Mαβ = M
α
β + M˜
α
β +
i
8
Habc (Γ
abΓ11Θ)
α (ΘΓc)β +
i
8
Habc (Γ
abΘ)α (ΘΓcΓ11)β
+
i
8
(SΓaΘ)α (ΘΓa)β −
i
16
(ΓabΘ)α (ΘΓaSΓb)β
Mαβ =
1
2
ΘTΘ δ
α
β −
1
2
ΘΓ11TΘ(Γ11)
α
β +Θ
α (TΘ)β + (Γ
aTΘ)α (ΘΓa)β (2.7)
while M˜ = Γ11MΓ11. In addition two new matrices constructed from the background fields
contracted with gamma-matrices appear at this order
T =
i
2
∇aφΓ
a +
i
24
Habc Γ
abcΓ11 +
i
16
ΓaSΓ
a (2.8)
Uab =
1
4
∇[aHb]cd Γ
cdΓ11 +
1
4
∇[aSΓb] −
1
4
(Rabcd +
1
2
HaceHbd
e) Γcd
+
1
32
SΓ[aSΓb] −
1
32
Hcd[a (SΓb]Γ
cd + ΓcdSΓb])Γ11 . (2.9)
These have a simple interpretation as the matrices that appear in the conditions that ensure
supersymmetry of the background. For the background to preserve some supersymmetry the
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corresponding supersymmetry parameters should make the variation of the dilatino and the
gravitino field strength vanish. These conditions read
0 = δχα = ǫ
β∇βχα|Θ=0 = (Tǫ)α
0 = δψ
α
ab = ǫ
β∇βψ
α
ab|Θ=0 = (Uabǫ)
α (2.10)
where we used (C.14) and (C.20). Therefore supersymmetries of the background correspond
to spinors annihilated by the matrices T and Uab, i.e. T and Uab are typically proportional
to projection operators (1 − P) where P projects on the supersymmetries of the background.
Normally one talks about the supersymmetry variation of the gravitino itself vanishing which is
equivalent to the Killing spinor equation
Dǫ = 0 . (2.11)
The equation for the vanishing of the supersymmetry variation of the gravitino field strength is
in fact the integrability condition for the Killing spinor equation since
Dǫ = 0 ⇒ 0 = D2ǫ =
1
2
ebeaUabǫ . (2.12)
We therefore see that the matrices T and Uab have nice interpretations in the type II super-
gravity. When the background preserves some supersymmetry or, more generally, has some
superisometries the string action will be invariant under the superisometry transformations
δΘα = Ξα(x,Θ) , δxm = Km(x,Θ) . (2.13)
The superfields Km and Ξα can be constructed order by order in θ in a very similar way to how
the supervielbeins are constructed (see section 3). For a supersymmetry the lowest component
of Ξ is the Killing spinor while the lowest component of K vanishes.
So far all that we have said applies to a type IIA supergravity background, however we have
chosen to write the expressions in such a way that they generalize almost trivially to the type IIB
case. The 32-component Majorana spinor Θα should be replace by a doublet of 16-component
Majorana-Weyl spinors Θαi i = 1, 2. Similarly the gamma-matrices are replaced as follows
Γa → γa , Γ11 → σ
3 (except: Γ11T → −σ
3T ) . (2.14)
Finally, instead of the S defined in (2.5) one should use the expression appropriate to type IIB
S = −eφ
(
εγaF (1)a +
1
3!
σ1γabcF
(3)
abc +
1
2 · 5!
εγabcdeF
(5)
abcde
)
. (2.15)
Here (σ1, σ2 = −iε, σ3) are Pauli matrices and γa are 16-component gamma-matrices defined in
Appendix A. With these replacements all the previous expressions apply also for the superstring
in a type IIB supergravity background.
2.1 Exact quartic action for certain backgrounds
As was pointed out in [15] many supergravity backgrounds of interest belong to a class for
which the fourth order action is actually the complete answer. This class includes for example
the backgrounds listed in the beginning of the introduction. This statement is true provided
that one fixes the kappa-symmetry of the string in the appropriate way. The argument is quite
simple: Suppose it is possible to find light-cone coordinates such that
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1. The supergravity fields depend only on the transverse coordinates, i.e. ∇±φ = 0, ∇±Habc =
0 etc.
2. The background tensor fields have only transverse indices or a pair of +− indices, i.e.
R±a′b′c′ = 0, F±a′
1
···a′
n
= 0 etc. (the prime denotes transverse directions).
Then, fixing the kappa-symmetry by demanding that Γ+Θ = 0, the only non-zero spinor bilinears
that can appear in the string action are of the form
ΘΓa′
1
···a′
n
Γ−DΘ or ΘΓa′
1
···a′
n
Γ−Θ . (2.16)
Because of the assumptions (1) and (2) above the single ’−’ index can only be absorbed by
multiplying with a vielbein e+. This means that in the Lagrangian (2.1) each spinor bilinear
must be accompanied by a vielbein and since the Lagrangian contains at most two vielbeins the
action must truncate at fourth order in Θ.
For these backgrounds the action presented here is therefore the complete answer (at least in this
kappa-gauge). This makes the quartic action particularly interesting. Note that the statements
here apply to the action after fixing kappa symmetry but before fixing the bosonic symmetries.
Fixing also the bosonic symmetries will typically reintroduce higher order θ-terms in the action
through the Virasoro constraints. It is known that this can be avoided in certain cases including
the first three backgrounds listed in the introduction by choosing a special, non-conformal, ”AdS
light-cone” gauge [18, 19].4 Note also that the gauge Γ+Θ = 0 is not automatically compatible
with a certain bosonic gauge-fixing for some string configuration. The consistency of the gauge-
fixing must be checked by hand.
3 Solving the Bianchi identities for the θ dependence
In this section we show how to obtain the type II supergeometry systematically as an expansion in
θ. All superfields are obtained to order θ2 while the supervielbeins and B-field, which are needed
for the string action, are obtained to order θ4. It is in principle straightforward to push the
calculation to higher orders in θ but the expressions become quite long and not very illuminating.
We assume that the fermionic fields are zero in the background. It is straightforward to include
them but the expressions become longer and we did not find it particularly useful.
The method we use is essentially the superspace normal coordinate expansion outlined in [20],
applied to the fermionic coordinates θ (see [14] for an application of this procedure to eleven-
dimensional supergravity). Rescaling the fermions by a parameter t
θ → tθ (3.1)
the θ-expansion of a superfield becomes an expansion in t, e.g.
Ea = E(0) a + t2E(2) a + t4E(4) a + . . . (3.2)
for the vector supervielbein. One can then write a set of first order (coupled) differential equa-
tions in the variable t for the set of superfields of type II supergravity. To do this one uses the
fact that
d
dt
= Θα∇α , (3.3)
4I want to thank A. Tseytlin for useful discussions of the gauge-fixing.
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where the normal coordinate Θ is defined as
Θα = θµEµ
α = iθE
α , iθE
a = 0 , iθΩ
ab = 0 . (3.4)
For the supervielbeins one then finds for example
d
dt
EA = iθdE
A + diθE
A = LθE
A A = (α, a) (3.5)
and similarly for the spin connection superfield Ωab. Using the definition of torsion and curvature
(see the Appendix), together with (3.4) one finds
d
dt
Ea = iθdE
a = iθT
a (3.6)
d
dt
Eα = dΘα + iθdE
α = ([d−
1
4
ΩabΓab]Θ)
α + iθT
α (3.7)
d
dt
Ωab = iθR
ab , (3.8)
where T a, Tα are the components of the torsion superfield and Rab is the Riemann curvature
superfield. These fields are subject to superspace constraints which are described in the Ap-
pendix (as in the previous section we write the equations appropriate to type IIA and describe
how to obtain the type IIB case by simple substitutions at the end of the section), e.g
T a = −
i
2
EΓaE . (3.9)
Using these constraints, specifically (C.7), (C.9), (C.10) and (C.15) the equations become
d
dt
Ea = −iEΓaΘ (3.10)
d
dt
Eα = ([d−
1
4
ΩabΓab]Θ)
α +
1
8
EaHabc (Γ
bcΓ11Θ)
α +
1
8
Ea (SΓaΘ)
α
−
1
2
ΘαEχ+
1
2
(Γ11Θ)
αEΓ11χ+
1
2
EαΘχ−
1
2
(Γ11E)
αΘΓ11χ
−
1
2
(Γaχ)
αEΓaΘ+
1
2
(ΓaΓ11χ)
αEΓaΓ11Θ (3.11)
d
dt
Ωab = −
i
2
HabcΘΓcΓ11E +
i
4
ΘΓ[aSΓb]E +
i
2
EcΘΓcψ
ab − iEcΘΓ[aψb]c . (3.12)
The bosonic superfields appearing in these expressions are the NSNS three-form field Habc and
the matrix encoding the RR-superfields S, defined in (C.11) and (B.17) for the type IIA and IIB
case respectively, and the fermionic superfields are the dilatino χ and gravitino field strength
ψab.
Besides the equations for the θ-expansion of the supervielbeins (3.10), (3.11) and the spin con-
nection (3.12) we also need the corresponding equations for the remaining superfields of the
theory which appear in the right-hand-sides of these equations. These are easily obtained, for
example, from (C.16) we find
d
dt
Habc = Θ
α∇αHabc = 3iΘΓ[aΓ11ψbc] . (3.13)
From the definition of the dilatino superfield, χα = ∇αφ, we get
d
dt
φ = Θχ . (3.14)
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Similarly, using the equation for the spinor derivative of S (C.17), we find
d
dt
S˜βγ = Sβγ χΘ+Θ[β (Sχ)γ] − (Γ11Θ)
[β (Γ11Sχ)
γ] + (SΓbΘ)[β (Γbχ)
γ]
+ (SΓbΓ11Θ)
[β (Γ11Γbχ)
γ] − 2i(ΓcdΘ)[β (ψcd)
γ] + 2i(ΓcdΓ11Θ)
[β (Γ11ψcd)
γ] . (3.15)
where S˜ = Γ11SΓ11 which is equal to S in the IIA case while in the IIB case we have S˜ = σ
3Sσ3 =
−S, hence the notation. The corresponding equation for the Riemann tensor superfield, although
it will not be needed to find the superstring action to order θ4, is
d
dt
Rab
cd = −iΘΓ[a∇b]ψ
cd +
i
8
Hef [aΘΓ
efΓb]Γ11ψcd +
i
4
H[a
e[cΘΓeΓ11ψb]
d]
+
i
8
ΘΓ[aSΓb]ψ
cd +
i
4
ΘΓ[aSΓ
[cψb]
d] + [(ab)↔ (cd)] . (3.16)
Finally we need the equations for the fermionic superfields. Using (C.14) we find for the dilatino
d
dt
χα =
i
2
∇aφ (Γ
aΘ)α +
i
24
Habc (Γ
abcΓ11Θ)α +
i
16
(ΓaSΓaΘ)α +
1
2
χαΘχ+
1
2
(Γ11χ)αΘΓ11χ ,
(3.17)
while for the gravitino field strength we find, using (C.20),
d
dt
ψ
α
ab =
1
4
∇[aHb]cd (Γ
cdΓ11Θ)
α +
1
4
(∇[aSΓb]Θ)
α −
1
4
(Rabcd +
1
2
HaceHbd
e)(ΓcdΘ)α
−
1
32
Hcd[a (SΓb]Γ
cdΓ11Θ)
α −
1
32
Hcd[a (Γ
cdSΓb]Γ11Θ)
α +
1
32
(SΓ[aSΓb]Θ)
α
−
1
2
Θα ψabχ+
1
2
(Γ11Θ)
α ψabΓ11χ+
1
2
ψ
α
abΘχ−
1
2
(Γ11ψab)
αΘΓ11χ
+
1
2
(Γcχ)
αΘΓcψab −
1
2
(ΓcΓ11χ)
αΘΓcΓ11ψab . (3.18)
This completes the list of superfields in the theory, but since we are interested in the string
action it is not enough to know the NSNS three-form field strength H, we want to know its
two-form potential B which appears in the string action. Fortunately this is easily obtained
from H by the formula
B = B(0) +
∫ 1
0
dt iθH , (3.19)
where B(0) is the purely bosonic part of B. Using the superspace constraint on H in (C.5) we
find
B = B(0) − i
∫ 1
0
dtEcEΓcΓ11Θ , (3.20)
which is easily evaluated once we know the form of the supervielbeins to a given order. Analogous
formulas can be used to obtain the RR potentials which are needed if one wants to write down
D-brane actions.
In general this set of coupled first order differential equations has to be solved order by order in
t, i.e. θ. In very special cases, namely when the background is maximally supersymmetric they
can however be solved exactly in a rather simple closed form. The reason for this is that for
a maximally supersymmetric background the fermionic superfields χ and ψab vanish identically
(at lowest order this follows from the supersymmetry transformations (2.10)), leading to drastic
simplifications of the system of equations. This simplification is related to the fact that in the
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maximally supersymmetric case the superspace is in fact a supercoset space. This simplifying
structure has been exploited to construct the full supergeometry of AdS5 × S
5 [11, 21] and
also those of AdS4 × S
7 and AdS7 × S
4 [21, 22] in eleven dimensions. When there is less than
maximal supersymmetry a subspace of the superspace can still be a supercoset. This leads to
some simplification but it is not clear if this is enough to find the full supergeometry directly
instead of order by order in θ.
As in the previous section we have written the equations in such a way that the corresponding
type IIB equations can be obtained by trivial substitutions. These are as follows
Γa → γa , Γ11 → σ
3 (except: Γ11χ→ −σ
3χ) (3.21)
and using the appropriate form of S given in (B.17).
3.1 Solution to order θ2
Here we construct all the superfields of the supergravity background up to order θ2 using the
approach laid out in the previous section. We will assume that in the supergravity background
the fermionic fields vanish. This means that the fermionic superfields will have an expansion in
odd powers of θ and the bosonic ones will have an expansion in even powers of θ.
For the supervielbeins we find, using (3.11) and (3.10),
E(1)α = (DΘ)α , E(2) a =
i
2
ΘΓaDΘ , (3.22)
where D is the Killing spinor derivative operator defined in (2.4). The dilatino and gravitino
field strength superfields at linear order in θ are easily found by evaluating (3.17) and (3.18) at
θ = 0 and one obtains
χ(1)α = (TΘ)α , ψ
(1)α
ab = (UabΘ)
α (3.23)
where the matrices T and Uab are defined in (2.8) and (2.9) and determine the amount of
supersymmetry of the background. Once we know all fermionic superfields at linear order it is
easy to find the bosonic ones at the quadratic order. From (3.14) and (3.13) we find for the
dilaton and NSNS three-form
φ(2) =
1
2
ΘTΘ , H
(2)
abc =
3i
2
ΘΓ[aΓ11Ubc]Θ , (3.24)
while from (3.15) we get
S˜(2) βγ =
1
2
S˜βγ ΘTΘ+
1
2
Θ[β (STΘ)γ] −
1
2
(Γ11Θ)
[β (Γ11STΘ)
γ] +
1
2
(SΓaΘ)[β (ΓaTΘ)
γ]
−
1
2
(Γ11SΓ
aΘ)[β (Γ11ΓaTΘ)
γ] − i(ΓabΘ)[β (UabΘ)
γ] + i(ΓcdΓ11Θ)
[β (Γ11UcdΘ)
γ] .(3.25)
Finally, from (3.12) and (3.16) we find the spin connection and Riemann curvature tensor
Ω(2) ab = −
i
4
HabcΘΓcΓ11DΘ+
i
8
ΘΓ[aSΓb]DΘ+
i
4
ecΘΓcU
abΘ−
i
2
ecΘΓ[aU b]cΘ (3.26)
and
R
(2)
ab
cd = −
i
2
ΘΓ[a∇b]U
cdΘ+
i
16
Hef [aΘΓ
efΓb]Γ11UcdΘ+
i
8
H[a
e[cΘΓeΓ11Ub]
d]Θ
+
i
16
ΘΓ[aSΓb]U
cdΘ+
i
8
ΘΓ[aSΓ
[cUb]
d]Θ+ [(ab)↔ (cd)] . (3.27)
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Using (3.20) the B-field follows from the expression for the supervielbeins and we get
B(2) =
i
2
ecΘΓcΓ11DΘ . (3.28)
This completes the construction of all superfields to order θ2. The corresponding expressions
for the type IIB case are obtained by simple substitutions as explained at the end of section 2.
3.2 Supervielbeins and B-field to order θ4
In this section we will derive the supervielbeins and B-field, which are needed to write the
superstring action, to order θ4. The other superfields can also be easily obtained but we will
not give them since we do not need them. From (3.10) it follows that the fourth order terms in
the vector supervielbein are given by
E(4) a =
i
4
ΘΓaE(3) . (3.29)
And from (3.20) it follows that the B-field at this order is given by
B(4) = −
1
8
ΘΓaDΘΘΓaΓ11DΘ+
i
4
ecΘΓcΓ11E
(3) . (3.30)
All that remains then is to determine the cubic terms in the spinor supervielbein. From (3.11)
on finds
E(3)α = −
1
12
Ω(2)ab(ΓabΘ)
α +
1
24
E(2) aHabc (Γ
bcΓ11Θ)
α +
1
24
eaH
(2)
abc (Γ
bcΓ11Θ)
α
+
1
24
E(2) a (SΓaΘ)
α +
1
24
ea (S(2)ΓaΘ)
α −
1
6
ΘαE(1)χ(1) +
1
6
(Γ11Θ)
αE(1)Γ11χ
(1)
+
1
6
E(1)αΘχ(1) −
1
6
(Γ11E
(1))αΘΓ11χ
(1) −
1
6
(Γaχ
(1))αE(1)ΓaΘ+
1
6
(ΓaΓ11χ
(1))αE(1)ΓaΓ11Θ .
Using the expressions obtained for the superfields at the linear and quadratic order in θ we
obtain
E(3)α =
1
6
(MDΘ)α +
1
96
ea ((M + M˜)SΓaΘ)
α +
1
96
ea (ΘΓa(M + M˜)S˜)
α
−
i
24
ec (ΓabΘ)αΘΓcUabΘ+
i
24
ec (ΓabΘ)αΘΓaUbcΘ+
i
24
ec (ΓabΓ11Θ)
αΘΓcΓ11UabΘ
+
i
24
ec (ΓabΓ11Θ)
αΘΓaΓ11UbcΘ−
i
48
ec (UabΘ)
αΘΓc
abΘ+
i
48
ec (Γ11UabΘ)
αΘΓc
abΓ11Θ
(3.31)
where the matrices M and M are quadratic in Θ and were defined in (2.7). Using these expres-
sions in the general expression for the string action (2.1) one obtains the quartic Lagrangian
given in (2.6).
4 Conclusions
We have constructed the type IIA and type IIB superstring action to quartic order in θ in a
general supergravity background (with vanishing fermionic fields). To obtain this action we had
9
to find the supervielbeins of the background to the same order. This can be done straightfor-
wardly by solving the superspace Bianchi identities order by order in θ although the expressions
quickly become quite involved. We have also argued that knowing the quartic action is especially
interesting since for many backgrounds of interest, for example in the AdS/CFT context, one
can find a kappa-gauge such that the string action actually truncates at this order. We therefore
hope that the action presented here will be useful for semiclassical string computations, espe-
cially in the AdS/CFT context. It would be very interesting to study the integrable structure
of this action, especially for cases where there is no (complete) supercoset description such as
AdS2 × S
2 × T 6. We hope to address this question in the near future.
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Appendices
A Spinor and gamma-matrix conventions
In the type IIA case the Grassmann-odd coordinates are represented as one 32-component
Majorana spinor Θα (α = 1, . . . , 32). While in the type IIB case they are described as a doublet
of 16-component Majorana-Weyl spinors Θαi (α = 1, . . . , 16 and i = 1, 2).
For the type IIA case the appropriate gamma-matrices are 32×32 matrices satisying the Clifford
algebra
{Γa,Γb} = 2ηab , (A.1)
where the Minkowski metric has mostly plus signature. Together with Γ11 = Γ0···9 they form
the D = 11 gamma-matrices Γaˆ (aˆ = 0, . . . , 9, 11). The symmetry properties are as follows
Symmetric: (CΓaˆ)αβ , (CΓaˆbˆ)αβ , (CΓaˆbˆcˆdˆeˆ)αβ
Anti-symmetric: Cαβ , (CΓaˆbˆcˆ)αβ , (CΓaˆbˆcˆdˆ)αβ .
Here C is the charge conjugation matrix used to raise and lower spinor indices. It satisfies
C2 = −1. All spinors are defined with an upper index and the charge conjugation matrix will
mostly be left implicit, e.g. Γaαβ = (CΓ
a)αβ . It can always be restored by looking at the position
of the spinor indices.
The D = 11 gamma-matrices satisfy the basic Fierz identity
Γaˆ(αβ(Γaˆbˆ)γδ) = 0 . (A.2)
They also satisfy the duality relations
(Γa1···a2n)αβ =
(−1)n
(10− 2n)!
εa1···a2nb1···b10−2n(Γb1···b10−2nΓ11)
α
β
(Γa1···a2n+1)αβ =
(−1)n
(9− 2n)!
εa1···a2n+1b1···b9−2n(Γb1···b9−2nΓ11)
α
β .
In the type IIB case the appropriate gamma-matrices are instead 16× 16. They can in fact be
taken to be the off-diagonal blocks of the 32× 32 gamma matrices in the realization
(Γa)αβ =
(
0 (γa)αδ
γaγβ 0
)
, (Γ11)
α
β =
(
δαβ 0
0 −δδγ
)
, Cαβ =
(
0 δδα
−δγβ 0
)
. (A.3)
These have the symmetry properties
Symmetric: γaαβ , γ
abcde
αβ Anti-symmetric: γ
abc
αβ .
In addition they satisfy the basic Fierz identity
γaα(β(γa)γδ) = 0 (A.4)
and the duality relations
(γa1···a2n)αβ =
(−1)n
(10− 2n)!
εa1···a2nb1···b10−2n(γb1···b10−2n)
α
β
(γa1···a2n+1)αβ =
(−1)n
(9− 2n)!
εa1···a2n+1b1···b9−2n(γb1···b9−2n)αβ .
Note that γabcde is self-dual.
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B Type IIB supergravity in superspace
Here we briefly review the formulation of type IIB supergravity in superspace [23] and write
the superspace constraints in a useful form for our calculations. The torsion and curvature
two-forms are defined as (A = a, αi)
TA = dEA + EBΩB
A (B.1)
RA
B = dΩA
B +ΩA
CΩC
B , (B.2)
in terms of the supervielbeins EA and spin connection ΩAB, which satisfies
∇Θαi = dΘαi +ΩαβΘ
βi = dΘαi −
1
4
Ωab (γabθ)
αi , Ωα
β = Ωβα = −
1
4
Ωab(γab)
β
α . (B.3)
The Bianchi identities for the torsion and curvature are
dTA + TBΩB
A = EBRB
A (B.4)
dRA
B +RA
CΩC
B − ΩA
CRC
B = 0 . (B.5)
In addition we have the NSNS three-form field strength H and RR field strengths F (2n+1)
(n = 0, . . . , 4) with Bianchi identities
dH = 0 (B.6)
dF (2n+1) = −F (2n−1)H . (B.7)
Note that we are not using a notation which makes the SL(2, R)-invariance of type IIB super-
gravity manifest [24, 25]. Instead we have tried to use simple constraints which look almost
identical in the type IIA and type IIB case so as to make it easy to go back and forth between
the two.
It is useful to have the Bianchi identities also in components. For the RR-fields, for example,
they take the form
∇[A1F
(2n+1)
A2···A2n+2]
+
2n + 1
2
T[A1A2
BF
(2n+1)
|B|A3···A2n+2]
= −
(2n+ 1)2n
3!
H[A1A2A3F
(2n−1)
A4···A2n+2]
. (B.8)
B.1 Superspace constraints
Here we organize the superspace constraints according to the mass-dimension at which they
occur. The higher dimension constraints follow from the dimension zero ones (together with
certain conventional choices).
Dimension 0
The curvature vanishes at dimension 0 and the non-zero components of the torsion, NSNS
three-form H and RR-fields are
Tαiβj
c = −iδijγ
c
αβ , (B.9)
Hαiβjc = −iσ
3
ij(γc)αβ , (B.10)
F
(2n+1)
αiβja1···a2n−1
= ie−φsnij(γa1···a2n−1)αβ (n = 0, . . . , 4) , (B.11)
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where φ is the dilaton superfield and
snij = ((σ
3)n+1σ1)ij =
{
εij (n even)
σ1ij (n odd)
, (B.12)
in terms of the Pauli matrices.
Dimension 1/2
The NSNS three-form H and curvature vanish at dimension 1/2 and the non-zero components
of the torsion and RR-fields are
Tαiβj
γk = δγk(αiχβj) + (δσ
3)γk(αi(σ
3χ)βj) −
1
2
δijγ
a
αβ(γaχ)
γk −
1
2
σ3ijγ
a
αβ(γaσ
3χ)γk , (B.13)
F
(2n+1)
αia1···a2n
= −e−φsnij(γa1···a2nχ
j)α , (B.14)
where the dilatino superfield is defined as
χiα = ∇αiφ . (B.15)
Dimension 1
The NSNS tree-form H and RR forms F (1) and F (3) are unconstrained at dimension 1. The
non-vanishing components of the torsion are
Taβi
γj = −
1
8
Habc σ
3
ij(γ
bc)γβ −
1
8
(Sjiγa)
γ
β , (B.16)
where the dependence on the RR fields is captured by the anti-symmetric (in αi↔ βj) matrix
S
αβ
ij = −
1
2
4∑
n=0
snij
(2n+ 1)!
F
′(2n+1)
b1···b2n+1
(γb1···b2n+1)αβ
= −(F ′(1)a εijγ
a +
1
3!
F
′(3)
abc σ
1
ijγ
abc +
1
2 · 5!
F
′(5)
abcdeεijγ
abcde)αβ . (B.17)
The modified RR field strengths, denoted with a prime, are defined as
F
′(2n+1)
a1···a2n+1 = e
φF
(2n+1)
a1···a2n+1 + iχ
1γa1···a2n+1χ
2 (n = 0, . . . , 4) . (B.18)
The constraints on the RR-fields at dimension 1 are then the duality relations
F
′(2n−1)
a1···a2n−1 =
(−1)n+1
(10− 2n+ 1)!
εa1···a2n−1
a2n···a10F
′(10−2n+1)
a2n···a10 (n = 3, 4, 5) . (B.19)
In particular F
(5)
abcde is self-dual.
In addition we find at dimension 1 that the spinorial derivative of the dilatino is given by
∇αiχ
j
β =
1
2
χαiχβj +
1
2
(σ3χ)αi(σ
3χ)βj +
i
2
∇aφ δijγ
a
αβ −
i
4!
Habc σ
3
ijγ
abc
αβ −
i
16
(γaSijγa)αβ .(B.20)
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The last term is easily computed from the definition of S giving
γaSγa = 4(2F
′(1)
a εγ
a +
1
3!
F
′(3)
abc σ
1γabc) . (B.21)
Finally, the dimension 1 curvature can be easily found from the torsion Bianchi identity,
∇[ATBC]
D + T[AB
ET|E|C]
D = R[ABC]
D , (B.22)
which gives at dimension 1
Rαiβjc
d = ∇cTαiβj
d + 2Tc(αi
γkTβj)γk
d =
i
2
Hac
d σ3ijγ
a
αβ −
i
8
(γcSijγ
d)αβ +
i
8
(γdSijγc)αβ . (B.23)
Dimension 3/2
The torsion Bianchi identity (B.22) gives for the dimension 3/2 curvature
2Rαi[bc]d = −i(γdψ
i
bc)α , (B.24)
where we have introduced the gravitino field strength equal to the dimension 3/2 component of
the torsion
Tab
αi = ψαiab . (B.25)
This implies that the dimension 3/2 curvature is given by
Rαibcd =
i
2
(γbψ
i
cd)α − i(γ[cψ
i
d]b)α . (B.26)
From the Bianchi identity for the NSNS three-form H one finds
∇αiHabc = −3T[ab
βjH|αiβj|c] = 3i(γ[aσ
3ψbc])αi . (B.27)
It will be useful to also have an expression for the spinor derivative of the RR-matrix S defined
in (B.17). This can be derived from the appropriate component of the torsion Bianchi identity
(B.22). For i 6= j we have
Raβiγj
δj = −∇βiTaγj
δj −∇γjTaβi
δj + Taβi
ηjTηjγj
δj
= −
1
8
(γa∇γjSij)β
δ −
1
8
σ3jj(γ
bc)γ
δ∇βiHabc +
1
8
(γaSij)β
δ χjγ
+
1
8
δδγ (γaSijχ
j)β −
1
8
(γaSijγ
b)βγ(γbχ
j)δ (i 6= j, no sum on j) . (B.28)
Using the expression for the dimension 3/2 curvature (B.26) and (B.27) and multiplying with
γa we get
∇αjS
βγ
ij = S
βγ
ij χ
j
α + δ
γ
α (Sijχ
j)β − (Sijγ
b)βα (γbχ
j)γ + 2i(γcd)α
γ (ψcd)
βi − 2iδij(γ
cd)α
γ (ψcd)
βj
(no sum on j) , (B.29)
or equivalently,
∇αiS
βjγk = Sβjγk χαi − δ
[βj
αi (Sχ)
γk] + (δσ3)
[βj
αi (σ
3Sχ)γk] − (Sγb)[βjαi (γbχ)
γk]
+ (σ3Sγb)[βjαi (σ
3γbχ)
γk] − 2i(γcd)αi
[βj (ψcd)
γk] + 2i(σ3γcd)αi
[βj (σ3ψcd)
γk] .
(B.30)
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From the remaining dimension 3/2 torsion and RR-field Bianchi identities one finds that the
gamma-trace of the gravitino field strength is given by
γbψiba = 2i∇aχ
i +
i
4
Habc (γ
bcσ3χ)i (B.31)
while the dilatino satisfies the equation of motion
γa∇aχ
i − 2∇aφγ
aχi −
1
24
Habc σ
3
ijγ
abcχj +
1
4
Sijχ
j = 0 . (B.32)
Dimension 2
At dimension 2 we would find the bosonic equations of motion but as we will not need these
here we will only derive the expression for the spinorial derivative of the gravitino field strength
which we will need. From the torsion Bianchi identity (B.22) we get at dimension 2
Rabαi
βj = ∇αiTab
βj + 2∇[aTb]αi
βj − 2Tαi[a
γkTb]γk
βj + Tab
γkTγkαi
βj . (B.33)
This gives the following equation for the spinorial derivative of the gravitino field strength
∇αiψab
βj = −
1
4
∇[aHb]cd σ
3
ij(γ
cd)α
β +
1
4
(γ[a∇b]Sij)α
β +
1
4
δij(Rabcd +
1
2
HaceHbd
e) (γcd)α
β
−
1
32
σ3ikHcd[a (γ
cdγb]Skj)α
β +
1
32
σ3kjHcd[a (γb]Sikγ
cd)α
β −
1
32
(γ[aSikγb]Skj)α
β
−
1
2
δijδ
β
α ψabχ−
1
2
σ3ijδ
β
α ψabσ
3χ+
1
2
χαi ψ
βj
ab +
1
2
(σ3χ)αi (σ
3ψab)
βj
+
1
2
(γcψab)αi (γcχ)
βj +
1
2
(γcσ3ψab)αi (γcσ
3χ)βj . (B.34)
C Type IIA supergravity in superspace
Here we will give a brief description of type IIA supergravity in superspace [26]. We will use a
form of the superspace constraints which is essentially identical to that used for the IIB case.
This is useful since it lets us easily go back and forth between the type IIA and type IIB case
by just replacing the spinors and gamma matrices appropriately.
The basic definitions of torsion and curvature are the same as in the type IIB case. The spin
connection now satisfies
∇θα = dθα +Ωαβθ
β = dθα −
1
4
Ωab(Γabθ)
α Ωα
β = Ωβα = −
1
4
Ωab(Γab)
β
α . (C.1)
The only difference in the field content is that we now have even RR-form field strengths satis-
fying
dF (2n) = −F (2n−2)H (n = 1, . . . , 5) , (C.2)
or in components
∇[A1F
(2n)
A2···A2n+1]
+
2n
2
T[A1A2
BF
(2n)
|B|A3···A2n+1]
= −
2n(2n− 1)
3!
H[A1A2A3F
(2n−2)
A4···A2n+1]
. (C.3)
We take the scalar field strength F (0) to vanish, i.e. we will not consider the Romans massive
type IIA supergravity.
Since the calculations are essentially identical to those of the IIB case we will just list the
superspace constraints for the IIA case.
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C.1 Superspace constraints
Dimension 0
The non-zero components at dimension 0 are
Tαβ
c = −iΓcαβ , (C.4)
Hαβc = −i(ΓcΓ11)αβ , (C.5)
F
(2n)
αβa1···a2n−2
= ie−φ(Γa1···a2n−2(−Γ11)
n)αβ (n = 1, . . . , 5) . (C.6)
Dimension 1/2
The non-zero components at dimension 1/2 are
Tαβ
γ = δ
γ
(αχβ) − (Γ11)
γ
(α(Γ11χ)β) −
1
2
Γaαβ(Γaχ)
γ +
1
2
(ΓaΓ11)αβ(ΓaΓ11χ)
γ , (C.7)
F
(2n)
αa1···a2n−1 = e
−φ(Γa1···a2n−1Γ
n
11χ)α , (C.8)
where the dilatino superfield is defined as χα = −Cαβ∇βφ.
Dimension 1
The non-zero components at dimension 1 are
Taβ
γ = −
1
8
Habc (Γ
bcΓ11)
γ
β −
1
8
(SΓa)
γ
β , (C.9)
Rαβcd =
i
2
Hacd (Γ
aΓ11)αβ −
i
4
(Γ[cSΓd])αβ , (C.10)
where
S = F ′(0) +
1
2
F
′(2)
ab Γ
abΓ11 +
1
4!
F
′(4)
abcdΓ
abcd . (C.11)
The modified RR field strengths, denoted with a prime, are defined as
F
′(2n)
a1···a2n = e
φF
(2n)
a1···a2n +
i
2
χΓa1···a2nΓ
n
11χ (n = 0, ..., 5) . (C.12)
Note that F (0), the Romans mass parameter, is taken to vanish but F ′(0) is still non-zero. The
constraints on the RR-fields at dimension 1 are then the duality relations
F
′(2n)
a1···a2n =
(−1)n+1
(10 − 2n)!
εa1···a2n
a2n+1···a10F
′(10−2n)
a2n+1···a10 (n = 3, 4, 5) . (C.13)
The spinorial derivative of the dilatino is given by
∇αχ
β =
1
2
χαχ
β +
1
2
(Γ11χ)α(Γ11χ)
β +
i
2
∇aφ (Γ
a)βα +
i
4!
Habc (Γ
abcΓ11)
β
α +
i
16
(ΓaSΓa)
β
α .
(C.14)
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Dimension 3/2
At dimension 3/2 we have
Rαbcd =
i
2
(Γbψcd)α − i(Γ[cψd]b)α , (C.15)
∇αHabc = 3i(Γ[aΓ11ψbc])α , (C.16)
where the gravitino field strength is defined as ψ
α
ab = Tab
α. We also have
∇αS
βγ = Sβγ χα + δ
[β
α (Sχ)
γ] − (Γ11)
[β
α (Γ11Sχ)
γ] + (SΓb)[βα (Γbχ)
γ]
− (Γ11SΓ
b)[βα (Γ11Γbχ)
γ] − 2i(Γcd)[βα (ψcd)
γ] + 2i(ΓcdΓ11)
[β
α (Γ11ψcd)
γ] . (C.17)
As well as
Γbψba = 2i∇aχ−
i
4
Habc Γ
bcΓ11χ (C.18)
and the dilatino equation of motion
Γa∇aχ− 2∇aφΓ
aχ+
1
24
Habc Γ
abcΓ11χ+
1
4
Sχ = 0 . (C.19)
Dimension 2
The spinorial derivative of the gravitino field strength is given by
∇αψab
β =
1
4
∇[aHb]cd (Γ
cdΓ11)
β
α +
1
4
(∇[aSΓb])
β
α −
1
4
(Rabcd +
1
2
HaceHbd
e)(Γcd)βα
−
1
32
Hcd[a (SΓb]Γ
cdΓ11)
β
α +
1
32
Hcd[a (Γ
cdΓ11SΓb])
β
α +
1
32
(SΓ[aSΓb])
β
α
−
1
2
δ
β
α ψabχ+
1
2
(Γ11)
β
α ψabΓ11χ+
1
2
χα ψ
β
ab −
1
2
(Γ11χ)α (Γ11ψab)
β
+
1
2
(Γcψab)α(Γcχ)
β −
1
2
(ΓcΓ11ψab)α(ΓcΓ11χ)
β . (C.20)
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